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$B$ 1 $\rho$ $B$ $D$ $B$ $\rho$-
( $\rho$-derivation), $D$ $D(\alpha\beta)=D(\alpha)\rho(\beta)+\alpha D(\beta)(\alpha, \beta\in B)$
$B[X;\rho, D]$ $\alpha X=X\rho(\alpha)+D(\alpha)(\alpha\in B)$
$B[X;\rho]=B[X;\rho, 0],$ $B[X;D]=B[X;1, D]$
(Automorphism type), (Derivation type)
$A/B$ (separable extension) $A\otimes_{B}A$ $A$ $A$- $A$-
$a\otimes barrow ab$ (splits) $A/B$
(Hirata-separable extension) $A\otimes_{B}A$ $A$
A-$A$-
$H$-
$R=B[X;\rho, D]$ $R_{(0)}$ $R$ $g$ $gR=R_{9}$
$f\in R_{(0)}$ $R/fR$ $B$ free
$R/fR$ $B$ (resp. ) $f$ $R$
(resp. )
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$A/B$
$V_{A}(B)=\{x\in A|xb=bx(\forall b\in B)\},$
$(A \otimes_{B}A)^{A}=\{\sum_{i}a_{i}\otimes b_{i}\in A\otimes_{B}A|x(\sum_{i}a_{i}\otimes b_{i})=(\sum_{i}a_{i}\otimes b_{i})x(\forall x\in A)\}.$
1.1. $A/B$ $(A\otimes_{B}A)^{A}$ $\sum_{i}x_{i}\otimes y_{i}$
$\sum_{i}x_{i}y_{i}=1$
1.2. $A/B$
$v_{i}\in V_{A}(B)$ $\sum_{j}x_{ij}\otimes y_{ij}\in(A\otimes_{B}A)^{A}$
$1 \otimes 1=\sum_{i,j}v_{i}x_{ij}\otimes y_{ij}=\sum_{i,j}x_{ij}\otimes y_{ij}v_{i}$
$R=B[X;\rho, D],$ $R_{(0)}=$ {$g\in R|g$ monic $gR=Rg$ },
$f=X^{m}+X^{m-1}a_{m-1}+\cdots+Xa_{1}+a_{0}\in R_{(0)}$
$Y_{j}\in R(0\leq j\leq m-1)$
$Y_{0} =X^{m-1}+X^{m-2}a_{m-1}+\cdots+Xa_{2}+a_{1}$
$Y_{1} =X^{m-2}+X^{m-3}a_{m-1}+\cdots+Xa_{3}+a_{2}$
$Y_{j-1} = X^{m-j}+X^{m-j-1}a_{m-1}+\cdots +Xa_{j+1}+a_{j}$
$Y_{m-2} =X+a_{m-1}$






1.3. ([11, Theorem 1.8]) $R=B[X;\rho, D],$ $f\in R_{(0)}$ $f$
$h\in A$ $\sum_{=0}^{m-1_{yj}}jhx^{j}=1$
$\rho^{m-1}(\alpha)h=h\alpha(\alpha\in B)$
1.4. ([11, Theorem 1.9], [2, Lemma 1.1]) $R=B[X;\rho, D],$ $f\in R_{(0)}$
$f$ $g_{i},$ $h_{i}\in A$








$(A \otimes_{B}A)^{A}=\{\sum_{j=0}^{m-1}y_{j}h\otimes x^{j}|.h\in A,$ $h$ $\rho$
m-l $(\alpha)h=h\alpha(\alpha\in B)$ $\}.$
$\{1,x,x^{2}, \cdots,x^{m-1}\}$ $B$ $A$ $A\otimes_{B}A$
$z_{j}\in A$ $\sum_{j=0}^{m-1}z_{j}\otimes x^{j}$ $\sum_{j=0}^{m-1}z_{j}\otimes x^{j}$
$(A\otimes_{B}A)^{A}$ $\alpha(\sum_{j=0}^{m-1}z_{j}\otimes x^{j})=(\sum_{j=0}^{m-1}Z_{j}\otimes x^{j})\alpha(\alpha\in B)$
$\sum_{j=0}^{m-1}\alpha z_{j}\otimes x^{j}=\sum_{j=0}^{m-1}z_{j\rho^{-j}}(\alpha)\otimes x^{j}$,








$= \sum_{j=1}z_{j-1}\otimes X^{j}-\sum_{j=0}z_{m-1}\rho^{-j}(a_{j})\otimes X^{j}$
$m-1$
$= \sum_{j=1}(z_{j-1}-z_{m-1}\rho^{-j}(a_{j}))\otimes X^{j}-z_{m-1}a_{0}\otimes1.$
$x( \sum_{j_{=0}}^{m-1_{Zj}}\otimes x^{j})=(\sum_{=0}^{m-1_{Z_{j}}}j\otimes x^{j})x$
$xz_{j}=z_{j-1}-z_{m-1}\rho^{-j}(a_{j})(1\leq j\leq m-1)$ (2)
$xz_{0}=-z_{m-1}a_{0}.$
$h=z_{m-1}$ (1) $\rho^{m-1}(\alpha)h=h\alpha(\alpha\in B)$ . [13, Lemma 1]
$\rho^{m-j-1}(a_{j})=a_{j}(0\leq i\leq m-1)$ (2)
$z_{j-i}=xz_{j}+a_{j}h$ ,
$z_{j}=y_{j}h(0\leq j\leq m-1)$ .
$h$ $\rho^{m-1}(\alpha)h=h\alpha(\alpha\in B)$ $A$ $=x^{m-j-1}+$




$x( \sum_{j=0}^{m-1}y_{j}h\otimes x^{j})=\sum_{j=1}^{m-1}y_{j-1}h\otimes x^{j}-\sum_{j=1}^{m-1}a_{j}h\otimes x^{j}-a_{0}h\otimes 1$
217
[13, Lemma 1] $\rho^{m-j-1}(a_{j})=a_{j}(0\leq j\leq m-1)$
$- \sum_{j=1}^{m-1}a_{j}h\otimes x^{j}-a_{0}h\otimes 1=h\otimes x^{m}.$
$x( \sum_{j=0}^{m-1}y_{j}h\otimes x^{j}) = \sum_{j=1}^{m-1}y_{j-1}h\otimes x^{j}+h\otimes x^{m}$
$= ( \sum_{j=0}^{m-1}y_{j}h\otimes x^{j})x.$
2.1 1.1 1.3 1.4 $f\in R_{(0)}$
2.1 1.2 $g_{i}\in V_{A}(B)$
$\sum_{j}^{m-1}=0y_{j}h_{i}\otimes x^{j}\in(A\otimes_{B}A)^{A}$
$1 \otimes 1=\sum_{i}g_{i}\sum_{j=0}^{m-1}y_{j}h_{i}\otimes x^{j}=\sum_{j=0}^{m-1}(\sum_{i}g_{i}y_{j}h_{i})\otimes x^{j}.$
$\sum_{i}g_{i}y_{0}h_{i}=1, \sum_{i}g_{i}y_{k}h_{i}=0(1\leq k\leq m-1)$ .
$\sum_{i}g_{i}x^{k}h_{i}=0(0\leq k\leq m-2), \sum_{i}x^{m-1}h=\sum_{i}g_{i}y_{0}h_{i}=1.$
$g_{i},$ $h_{i}\in A$
$\{\begin{array}{l}\sum_{i}g_{i}x^{m-1}h_{i}=1\sum_{i}g_{i}x^{k}h_{i}=0(0\leq k\leq m-2)\alpha g_{i}=g_{i}\alpha, \rho^{m-1}(\alpha)h_{i}=h_{i}\alpha(\alpha\in B)\end{array}$
$\sum_{i}g_{i}y_{k}h_{i}=0(1\leq k\leq m-1), \sum_{i}g_{i}y_{0}h_{i}=1.$
$\sum_{=0}^{m-1}jyJ^{h}i\otimes x^{j}\in(A\otimes_{B}A)^{A}$














$= \sum_{j=1}z_{j-1}\otimes x^{j}-\sum_{j=0}z_{m-1}a_{j}\otimes x^{j}$
$m-1$
$= \sum_{j=1}(z_{j-1}-z_{m-1}a_{j})\otimes x^{j}-z_{m-1}a_{j}\otimes 1.$
$x( \sum_{j_{=0}}^{m-1}z_{j}\otimes x^{j})=(\sum_{j=0}^{m-1}z_{j}\otimes x^{j})x$
$xz_{j}=z_{j-1}-z_{m-1}a_{j}(1\leq j\leq m-1)$ (3)
$xz_{0}=-z_{m-1}a_{0}.$







$\alpha z_{j}=\sum_{i=j}^{m-1}(\begin{array}{l}ij\end{array})(-1)^{i-j}z_{i}D^{i-j}(\alpha)(0\leq j\leq m-1)$ . (4)
$h=z_{m-1}$ (4) $\alpha h=h\alpha$ (3)
$xz_{j}=z_{j-1}-ha_{j}(1\leq j\leq m-1)$
$xz_{0}=-ha_{0}.$
$z_{j}=y_{j}h(0\leq j\leq m-1)$ .
$h$ $\alpha h=h\alpha(\alpha\in B)$ $A$
$xy_{j}=y_{j-1}-a_{j}(1\leq j\leq m-1)$
$xy_{0}=-a_{0}$
$x( \sum_{j=0}^{m-1}y_{j}h\otimes x^{j})=(\sum_{j=0}^{m-1}y_{j}h\otimes x^{j})x$ $\alpha\in B$
$\alpha(\sum_{j=0}^{m-1}y_{j}h\otimes x^{j})=\sum_{j=0}^{m-1}\alpha y_{j}h\otimes x^{j}$






$\alpha$ $= \sum_{i=j}^{m-1}y_{i}(\begin{array}{l}ij\end{array})(-1)^{i-j}D^{i-j}(\alpha)$ $(0\leq j\leq m-1)$
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$y_{m-l}=1$ $j=m-1$
$\alpha y_{j+1}=\sum_{k=j+1}^{m-1}y_{k}(\begin{array}{ll} kj +1\end{array})(-1)^{k-j-1}D^{k-j-1}( \alpha)$
$\alpha y_{j}=\sum_{k=j}^{m-1}y_{k}(\begin{array}{l}kj\end{array})(-1)^{k-j}D^{k-j}(\alpha)$
$\alpha a_{i}=\sum_{k=i}^{m}a_{k}(\begin{array}{l}ki\end{array})(-1)^{k-i}D^{k-i}(\alpha)(0\leq i\leq m, a_{m}=1)$
$y_{j}=xy_{j+1}+a_{j+1}(0\leq i\leq m-2)$
$\alpha y_{j} = \alpha xy_{j+1}+\alpha a_{j+1}$
$= x(\alpha y_{j+1})+D(\alpha)y_{j+1}+\alpha a_{j+1}$
$= x( \sum_{k=j+1}^{m-1}y_{k}(\begin{array}{ll} kj +1\end{array})(-1)^{k-j-1}D^{k-j-1}( \alpha))$
$+ \sum_{k=j+1}^{m-1}y_{k}(\begin{array}{ll} kj +1\end{array})(-1)^{k-j-1}D^{k-j}( \alpha)$
$+ \sum_{k=j+1}^{m}a_{k}(\begin{array}{ll} kj +1\end{array})(-1)^{k-j-1}D^{k-j-1}( \alpha)$
$= \sum_{k=j+1}^{m-1}(y_{k-1}-a_{k})(\begin{array}{ll} kj +1\end{array})(-1)^{k-j-1}D^{k-j-1}( \alpha)$
$+ \sum_{k=j+1}^{m-1}y_{k}(\begin{array}{ll} kj +1\end{array})(-1)^{k-j-1}D^{k-j}( \alpha)$
$+ \sum_{k=j+1}^{m}a_{k}(\begin{array}{ll} kj +1\end{array})(-1)^{k-j-1}D^{k-j-1}( \alpha)$
$= \sum_{k=j}^{m-2}y_{k}(_{j}^{k}I_{1}^{1})(-1)^{k-j}D^{k-j}(\alpha)$
$- \sum_{k=j+1}^{m-1}y_{k}(\begin{array}{ll} kj +1\end{array})(-1)^{k-j}D^{k-j}( \alpha)$
$+(\begin{array}{ll} mj +1\end{array})(-1)^{m-j-1}D^{m-j-1}(\alpha)$
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$+y_{m-1}\{(\begin{array}{ll} mj +1\end{array})-(\begin{array}{ll}m -1j +1\end{array})\}(-1)^{m-j-1}D^{m-j-1}(\alpha)$
$= y_{j} \alpha+\sum_{k=j+1}^{m-1}y_{k}(\begin{array}{l}kj\end{array})(-1)^{k-j}D^{k-j}(\alpha)$
$= \sum_{k=j}^{m-1}y_{k}(\begin{array}{l}kj\end{array})(-1)^{k-j}D^{k-j}(\alpha)$ .
3.1 1.1 1.3 $R=B[X;\rho]$
3.1 1.2 1.4
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